Abstract. This paper deals with tests of General Relativity in the Solar System using tracking observables from planetary spacecraft. We present a new software that simulates the Range and Doppler signals resulting from a given space-time metric. This flexible approach allows one to perform simulations in General Relativity as well as in alternative metric theories of gravity. The outputs of this software provide templates of anomalous residuals that should show up in real data if the underlying theory of gravity is not General Relativity. Those templates can be used to give a rough estimation of constraints on additional parameters entering alternative theory of gravity and also signatures that can be searched for in data from past or future space missions aiming at testing gravitational laws in the Solar System. As an application of the potentiality of this software, we present some simulations performed for Cassini-like mission in PostEinsteinian Gravity and in the context of MOND External Field Effect. We derive signatures arising from these alternative theories of gravity and estimate expected amplitudes of the anomalous residuals.
Introduction
Testing General Relativity (GR) is a long standing and worthy effort in the scientific community. From a theoretical point of view, the different attempts to quantize gravity or to unify it with the other fundamental interactions always predict deviations from GR. From an observational point of view, cosmological data cannot be explained by the combination of GR and the standard model of particles. In the most accepted cosmological model, the so-called ΛCDM model, these observations are explained by the presence of two puzzling ingredients: Dark Matter and Dark Energy, representing respectively about 22 % and 74 % of the Universe. Until today, these two dark components have not been observed directly. Therefore these cosmological observations can be a hint that General Relativity may not be the correct theory of gravitation at large scales.
Up to now, GR has passed all the critical tests in the different situations where it has been tested. In the Solar System, the tests of gravitation mainly rely on the parameterized Post-Newtonian (PPN) formalism [1, 2] or on a search for a deviation from the Newtonian potential of the Yukawa type (the so-called fifth force search). In the PPN framework the space-time metric is parameterized by 10 constant coefficients (the most important ones being γ that characterizes the spatial curvature and β that characterizes the non-linearity of the theory). The current constraints on these coefficients are very stringent as described in Will [2] . For example, the γ parameter is constrained at the level of 10 −5 by the measurement of the Shapiro delay using the Cassini spacecraft [3] while the β parameter is now constrained at the level of 10
with planetary ephemeris [4] , Lunar Laser Ranging [5] and with the tracking of Mars orbiters [6] . In the fifth force framework (described in [7, 8, 9, 10] ), the gravitation theory is very well tested at almost all scales as can be seen from figure 31 of [6] . Nevertheless, there are still two main open windows where potential deviations can be expected: at small scales in the laboratory and at outer solar-system scales. In this context, let us mention the existence of an anomalous acceleration recorded on Pioneer 10/11 probes during their flight to the outer solar system [11, 12, 13] (for a review, see [14] and references therein). If recent publications [15, 16] seem to indicate that part of the secular anomaly could be accounted by thermal effects, other features such as modulations call for another explanation.
Given the existing stringent constraints, there are strong motivations to move forward in the search for deviations from GR in the Solar System. First of all, to push for higher precision experiments remains a valuable challenge. This is motivated by some scenarios of alternative theories of gravity producing deviations smaller than the current constraints. Let us mention in this context certain types of tensor-scalar theories where the cosmological evolution exhibits an attractor mechanism that attracts the theory towards GR [17, 18] or chameleon theories [19, 20, 21] where the deviations from GR are hidden in the region of the Universe where the matter density is high (as inside the solar system). Both of these alternative theories of gravity produce a deviation of the γ PPN parameter smaller than the current constraint. There exist also open windows in existing frameworks where deviations can be searched at very small distances and at very large distances (in the outer Solar System). Finally, it is useful to analyze experimental results in new extended frameworks. Indeed, even if observations lie very close to GR when analyzed within the PPN or fifth force framework, this does not mean that this has to be true in any other framework. The existing frameworks indeed cover a limited set of alternative theories of gravity. A formalism based on a nonlocal Einstein field equation more adapted for quantization has thus been developed in a series of recent papers [22, 23, 24, 25, 26] . In this extension of GR, the modification of the space-time metric in the Solar System is phenomenologically described by two functions depending on position. As is also the case in f (R) theories exhibiting a chameleon mechanism [27, 28, 29] , the PPN parameters are then promoted to functions depending on position. A last example is given by the Standard Model Extension (SME) framework where Lorentz symmetry is broken. In the gravitational sector, SME is characterized by a metric which goes beyond the existing framework [30, 31] .
In this paper, we focus on Solar System tests of gravity. In this context, the gravitational observations rely either on astrometric observations (right ascension and declination), with the advantage of very long measurement time, or on spacecraft tracking (radioscience measurement : Range, Doppler, VLBI), with the advantage of very high precision but limited time span. Here, we only consider radioscience measurements based on Range and Doppler (future work will consider angular measurements).
Our present work is part of a long term project aiming at allowing, systematic and versatile scanning of data from solar system observations (e.g. spacecraft Range, Doppler, VLBI, angular measurements, astrometry, . . . ) looking for possible violations of the known laws of gravitation (General Relativity). By this we mean that the same basic procedure can be systematically applied to all different types of data, or their combination; and by versatile we mean that the procedure is easily adapted to any alternative theory that is tested for, provided the space-time metric of that theory is available.
The basic procedure, when completed, will consist of the following steps:
(i) Simulate the observables of a given physical situation (eg. an arc of spacecraft tracking from Earth) in the alternative theory. In this step, a simplified version of the physical situation can be considered: only the elements that can give rise to leading order deviations due to the alternative theory need to be simulated.
(ii) Analyze the resulting observables using the usual procedure in GR: fit a GR model on the data by adjusting the initial conditions of the different bodies and the parameters entering the modeling [32] . The residuals of that analysis provide the incompressible signal that should be present in the residuals of the real data of the considered physical situation if the gravitation theory in the solar system is not GR but the one used in the first step. These residuals are called incompressible in the sense that this part of the signal can not be absorbed anymore by a fit of real or simulated (in an alternative theory of gravity) data using a GR model.
(iii) Analyze the real data using the usual procedure in GR (including all known systematic effects eg solar radiation, thermal effects, all gravitational perturbations, etc. . . ). This analysis provides residuals of a fit of real data using a GR model.
(iv) Systematically search the residuals of step (iii) (obtained from real data) using the "template" obtained in step (ii). This can be done by optimal filtering, matched filtering or any other statistical method best adapted to the data and template. If the template is found with a S/N > 1 the alternative theory considered is better supported by the data than GR. Depending on the S/N one can then consider the result significant or not, and start searching for systematic effects that might explain it (helped by the detailed signature of the template) and/or try other physical situations (other spacecraft, other types of observation, etc. . . ) to confirm the result.
In this paper we present a first version of the step (i) and a simplified version of the step (ii). The simulation software is built in the spirit that everything is computed from the space-time metric (computation of trajectories, clock behavior, light propagation). This software allows simulation of spacecraft Range and Doppler observations in any alternative theory for which a metric is available. Note that in the first step only the leading order effects need to be considered, as we expect the modifications of second order effects (eg. solar radiation, thermal effects, gravitational perturbations, ...) by the alternative theory to be negligible with respect to the leading order. However, step (ii) needs to include all effects that could absorb some of the anomalous residuals by fitted parameters of the perturbations. Some care is required concerning the coherence between steps (i) and (ii), to ensure that no "false" signals are generated by perturbations included in step (ii) but not in (i). As an example, including perturbations by an additional planet in only step (ii) (but not (i)) will significantly modify the residuals (obtained from simulated data), but including it in both or neither gives rise to essentially the same residuals (cf. section 5.1 for an explicit example using Jupiter).
In the simplified version presented here the second step uses only the main features of a full analysis in GR (neglecting eg. solar radiation pressure, thermal effects, planetary gravitational fields, etc. . . ). Nonetheless this allows us to derive the general form of the expected templates for a given physical situation in alternative theory, although some of the features of those templates will be modified (absorbed by additional parameters) when carrying out a complete fit in the second step. Furthermore, we can compare the maximum amplitude of those templates to the typical rms noise of residuals from real spacecraft tracking, thereby giving a rough order of magnitude of the expected constraints when a full analysis of the type above is applied to existing data. On one hand the constraints in a full analysis will be more stringent than these rough orders of magnitude because optimum filtering will perform better than a simple comparison of the residual rms to the template amplitude. On the other hand they will be less stringent because some of the features of the signature will be absorbed by additional parameters that are not present in our simplified version of step (ii). Finally, for future missions our procedure will allow optimizing the mission characteristics (trajectories, periods of observation, maneuvers, etc. . . ) for optimum tests of alternative theories by maximizing the signatures in the templates.
The procedure presented above is significantly easier to apply (once the software for steps (i) and (ii) exists) and more versatile, than to write a complete data analysis software in an alternative theory. The main reason for that is that in steps (i) and (ii) a simplified situation is sufficient to obtain the correct template. It is not necessary to include all perturbing effects (solar radiation pressure, all planets and asteroids, thermal radiation, etc. . . ) at this stage. The full analysis including all effects is carried out in step (iii) using existing software in GR. Furthermore residuals from step (iii) are in general more readily available and easier to handle than raw data from the observations.
Outline
The method used to simulate Range and Doppler observations directly from the spacetime metric is presented in detail in section 3. The definitions of the observables (Range and Doppler) are given and the methodology used to simulate such observables is presented step by step: the derivation and the integration of the equations of motion, the behavior of the clocks and the propagation of light in curved space-time. With this software, it is possible to simulate radioscience signals in alternative theories of gravity.
In section 4, we explain the method used to analyze signals obtained. In particular, the least-square fit of the initial conditions is briefly described and an estimation of the numerical accuracy of the whole process (simulation and fit procedure) is presented.
Section 5 presents the original results of this paper. Explicit simulations are performed for Range and two-way Doppler between Earth and the Cassini spacecraft during its cruise between Jupiter and Saturn (from May 2001). In this paper, we focus on two classes of alternative theories: the Post-Einsteinian Gravity and MOND External Field Effect [33, 34] . We now briefly introduce these two alternative theories of gravity in the remainder of this section.
Post-Einsteinian Gravity (PEG):
The first alternative metric theory considered is Post-Einsteinian Gravity (PEG in the following) [22, 23, 24, 25, 26] . In this theory, the geometric features of general relativity such as the identification of gravitational fields with the metric and the equivalence principle are preserved but the form of the Einstein equations is modified. This theory relies on the existence of a quantized gravitation and is non-local because of radiative corrections. The relation between the curvature and the stress energy tensor (which is local in GR) is generalized such that it takes the form of a non local response relation [24] .
The Einstein equations for a static spherical body are characterized by two running constants which take the place of the Newton gravitation constant [22] . Within the perturbative approximation valid in the Solar System, the metric is characterized by two potentials φ N and φ P . In isotropic gauge, the metric tensor for a spherical source can be written as
where φ(r) = − GM rc 2 is the Newtonian potential with G the Newton constant, M the mass of the central body, c the speed of light, r the radial coordinate while δφ N (r) and δφ P (r) are two functions of the position characterizing the deviation from GR. The Post-Newtonian formalism (PPN) is recovered for particular potentials
In order to derive constraints on these functions, we will consider a series expansion of the two potentials [35] δφ
where α 1,2 , χ 1,2 and Λ are PEG parameters and δγ = γ − 1 is the traditional PPN parameter. These coefficients are related to coefficients appearing in the generalized Einstein field equations which have the form of a non-local relation between the curvature and the stress energy tensor. The expansion (2a-2b) can also be seen from the perspective of the Ricci tensor. In vacuum, the GR Ricci tensor vanishes, the spatial part of the PPN Ricci tensor decreases as 1/r 3 . The extension to the above metric gives a Ricci tensor with a spatial part decreasing as 1/r 2 (for the logarithmic term), as 1/r (for the linear term) or remaining constant (for the quadratic term). It can be noted that a linear and a quadratic term in the space-time metric naturally appear in conformal theory of gravity [36] and in this context can also be invoked to explain certain galactic observations requiring dark matter. The logarithmic term produces a 1/r modification of the Newtonian gravitational force which can be used to explain certain observations requiring dark matter [37, 38, 39] .
MOND External Field Effect (EFE):
The second alternative theory of gravity considered is the External Field Effect (EFE in the following) produced by MOND theory. The MOND theory [40] consists in a modification of the gravity law at low acceleration. Naively one would therefore expect no significant modification in the solar system, where the gravitational acceleration is large. Nevertheless Milgrom [41] and later Blanchet and Novak [33] have shown that MOND theory predicts a violation of the strong equivalence principle which implies that the dynamics of a system is influenced by an external gravitational field. This EFE implies the presence of an anomalous quadrupolar correction in the Newtonian potential [33, 41] 
where e i is a unitary vector pointing towards the galactic center. The value of the quadrupole Q 2 can be computed from the theoretical model of MOND and depends on the MOND interpolating function. Let us mention that in Blanchet and Novak [33] , the value of Q 2 has been determined numerically and is framed by two limits,
depending on the MOND function used. The modification of the metric deriving from this modification of the Newtonian potential can be expressed using the metric parametrization (1a-1b) with
Blanchet and Novak [33, 34] have also shown that this quadrupolar term implies the existence of a secular precession of planetary perihelia. New improved INPOP results [4] on planetary perihelion precession put an even more stringent constraint on the quadrupole [34] .
Numerical simulations of observables from the space-time metric
In this section, we present the numerical methods used to simulate Range and Doppler signals directly from the space-time metric. First of all covariant definitions of the observables are given. After, we explain in detail the different steps needed to simulate signals from the metric. This includes the derivation and integration of the equations of motion, the derivation and integration of the equation of proper-time and the computation of the propagation of light in curved space-time and the determination of the observables.
Tracking observables
Observables, that is to say measured quantities, are by definition gauge invariant : they do not depend on the choice of a coordinate system. The simulations, for example the integration of the equations of motion, are necessarily done in a particular coordinate system (different equations of motion representing the same situation in different coordinates system can be found in [42, 43] ). A reduction of coordinates, that is to say a transformation of coordinate-dependent quantities to measurable quantities (observables) is done in the software and presented below.
The situation corresponding to traditional radioscience measurements is the following : an electromagnetic signal is sent by an emitter (denoted by subscript e), eventually re-transmitted by a transponder (denoted by t) and received by an observer (denoted by r) which is often the same as the emitter. The emitted signal is characterized by its proper frequency ν e and by the emission proper time τ e (time when the signal is sent as given by an ideal clock moving with the emitter). Similarly the received signal is characterized by its proper frequency ν r and by the reception proper time τ r .
The Range signal (evaluated at reception) is related to the signal propagation time between the emitter and the receiver:
The Doppler signal is related to the frequency shift between the emitter and the receiver:
These definitions are based on proper quantities that are measurable.
Equations of motion
The equations of motion are directly derived from the metric using the geodesic equations [44, 43] , integrated with respect to coordinate time t:
where x i are the spatial coordinates of the test particle, β i = v i /c is the reduced coordinate velocity, Γ α βγ are the Christoffel symbols of the considered metric (Greek indices run from 0 to 3 while Latin indices from 1 to 3) and t is coordinate time. The Christoffel symbols are computed using the metric and its first derivatives
with g αδ the inverse of the metric g αδ , g αδ g δβ = δ α β . In our approach, we choose to implement analytically the derivative of the metric so that the Christoffel symbols and the right hand side of Equation (8) can be computed exactly. Let us mention the other possibility consisting in implementing a numerical derivative of the space-time metric [45] . Nevertheless, the numerical accuracy of the derivative can be problematic and is time-consuming.
The software is independent of any ephemerides. This choice is justified since external ephemerides (such as INPOP [46, 4] , DE [47] or EPM [48] ) are computed in General Relativity or within PPN formalism [49, 50, 51] and the goal of our approach is to go beyond the latter. In order to be fully consistent, we produce the ephemerides needed by integrating the equations of motion of all bodies considered in the problem, here the spacecraft, the Sun and the Earth (observer), in the theory considered.
Clock behavior
In the process of reduction to relativistic observables, the proper time equation is integrated for each body considered, and in particular for the clocks used in the Doppler/Range measurements. This equation is
where g µν is the space-time metric and τ the proper time. This integration is performed on the trajectory of the clock (this trajectory has been computed before, see previous section). As a result of this integration, we get the relation between proper time and coordinate time for the different clocks τ i (t).
Light propagation
Finally, the signal propagation in the gravitational field has to be modelled. This is done thanks to the Synge World function formalism and the use of the time transfer function [52, 53] . Within this formalism, the time transfer (and the frequency shift) can be expressed as an integral of some function defined from the metric (and its derivatives) along the Minkowski path of the photon. From a theoretical point of view, this method is equivalent to finding the solution of the null geodesic but from a practical point of view, this method avoids the explicit resolution of the null geodesic. More precisely, instead of solving the null geodesic (which is a boundary value problem), we can integrate some functions defined by the metric and its derivatives over the Minkowski path of the photon (the form of the function to integrate is given to all orders in [53] ). In this section, we briefly describe how to compute the coordinate propagation time.
Following [53] , the reception time transfer function T r is defined by
where t r and t e are coordinate times related to the reception and the emission of the signal, x e and x r are the coordinate positions of the emitter (at emission time) and of the receiver (at reception time). The expression of the time transfer function is given in [53] :
with R er the Euclidean distance between the emission and reception points R er = |x r (t r ) − x e (t e )| and ∆ r the gravitational contribution to the time transfer, that is the traditional Shapiro time delay. In the case of a moving source, the last equation is implicit since the position of the emitter (at emission time) depends on the time transfer function: x e (t e ) = x e (t r − T r ). In the following, the determination of the time transfer is performed up to order 1/c 3 . This is sufficient for most of current space missions but the same approach can be implemented to higher order. The software proceeds in two steps: first, it computes the Minkowskian emission time t em and then the gravitational time delay ∆ r .
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The first step is the determination of t em , the Minkowskian emission time computed in flat space-time, which is solution of
The last equation is implicit and can be solved numerically by iteration. The iterative procedure is standard:
Loop : t
End : when t
with ǫ being the desired accuracy. In practice, this procedure is very efficient and converges in two or three iterations. An alternative method to determine the Minkowskian emission time consists in expanding Equation (13) up to order 1/c 3 [54] . This gives (17) where D er = x r (t r ) − x e (t r ) and D er = |D er |, v e is the emitter velocity at reception and a e its acceleration. We checked that the two methods give the same results. Nevertheless, the iterative method is more precise (and also valid to higher order). The second step is the computation of the gravitational time delay ∆ r /c. To this aim, we introduce a post-Minkowskian decomposition of the metric h µν = g µν −η µν with η µν the Minkowski metric. The post-Minkowskian metric h µν is of order G/c 2 where G is the gravitational constant. With these definitions, the gravitational correction of Equation (12) to first post-Minkowkian order (that is to say to order G/c 2 ) is given by [53] ∆ r (x e , t r ,
where R er = |x r (t r ) − x e (t e )|,
and the integration path z α (µ) is the Euclidean straight line between the emitter and the receiver
The unit vector N i er points from the emitter to the receiver
Let us recall that the previous formulas can be extended to higher order if necessary. From Equation (19) , one sees that ∆ r is of order 1/c 2 . Writing t e = t em + δt e , Equation (12) 
Up to order 1/c 3 , we finally obtain
where t em is computed iteratively by (14-16) and ∆ r is determined by the integral (18) performed on the Euclidean path between the emitter and the receiver.
As an example, if the metric used is the Schwarzschild metric in isotropic coordinates
, the integration of ∆ r gives the usual logarithmic term in the Shapiro delay
The method based on the time transfer function T r is very efficient and easy to implement numerically. This method as presented above is valid only to 1/c 3 but can be generalized to higher order (see [53] ). Moreover, this method avoids the explicit resolution of the null geodesic in curved space-time. The computation of the null geodesic is more delicate since it is a boundary value problem (BVP) that needs to be solved by a shooting method [55] .
Range observable
From the coordinate propagation time determined in the last section, it is straightforward to determine the Range observable as a function of the reception proper time
The determination of τ e from τ r is done in three steps:
(i) conversion from the reception proper time τ r to the reception coordinate time t r ;
(ii) computation of the coordinate time transfer using (23);
(iii) transformation from the coordinate emission time t e to the emission proper time τ e .
The transformation from proper time τ r to coordinate time t r is done by inverting numerically the relation τ (t) given by the integration of (10). This inversion is done by a Newton method. The transformation from coordinate time t e to proper time τ e is simply done by the evaluation of the relation τ (t).
Doppler observable
The Doppler is modeled as the ratio between the received signal frequency and the emitted signal frequency. Following [56] 
where dτ e/r represents the proper period of the emitted/received photon. The first and the last factor of the previous equation are easily determined from the metric through Equation (10) . The second term of (26) 
This gives
This expression was already derived in [25] and is consistent with Eq. (A.46) of Blanchet et al. [56] 
where k µ is the photon wave vector, and with the expressions of the photon wave vector given in Teyssandier and Le Poncin-Lafitte (relations (40-42) from [53] )
The last four equations are equivalent to (27) . Finally, the quantities ∂T r /∂x e/r and ∂T r /∂t r are obtained from (12) 
In summary, the observable frequency shift can be computed from
where the derivatives of the time transfer function are computed with integrals (32) (33) and the relations (34a-34f).
As an example, with the Schwarzschild metric ds
)dx 2 , the computation of the integrals (32) (33) gives dt e dt r = q r q e (36a)
which is exactly equivalent to the results of Blanchet et al [56] . But we recall that simply using (36a)-(36c) is not sufficient for our case, as we want to keep a formulation which remains valid for any metric, hence the use of the general formulation (35) . The Doppler is evaluated by the integrating functions defined from the metric and its first derivative over the Euclidean straight line between the emitter and the receiver. Once again, this method avoids the computation of the null geodesic in curved spacetime and can be extended to higher order if necessary.
The implementation of the different steps presented above allows us to simulate radioscience observables directly from the space-time metric. With this approach, it is easy to change the underlying gravitation theory, and therefore produce signals that would be observed in general relativity and alternative theories of gravity.
Comparison between signals produced in different theories
The previous sections presented how to simulate Range and Doppler signals of different space missions in general relativity and in alternative theories of gravity. In this section, we will describe the method used to compare the signal in an alternative theory of gravity with the signal in General Relativity. A direct comparison does not provide useful information. Indeed, even if the Range and Doppler are observables (i.e. measured quantities) that are independent of any coordinate system (see section 3.1), the simulations depend on the initial conditions of the different bodies (Earth and spacecraft) which are coordinate dependent. The procedure to extract the influence of the initial conditions on the observables consists of performing a fit of the initial conditions of the spacecraft, the Earth, and the mass of the Sun (in fact the product GM). More precisely, we treat signals simulated in an alternative theory of gravity as "real" observations and we analyze them in GR. This analysis consists in a least-squares fit of the different parameters. The residuals of this fit then display an incompressible deterministic signature directly related to the modification of the considered alternative gravitation theory independently of any coordinate system. In a next step (cf. Introduction) this template can be systematically searched for in the residuals from real data.
Least-squares fit
As mentioned, the Range/Doppler signals generated in an alternative theory of gravity will be analyzed in GR with a fit of the initial conditions and of the mass of the Sun. This fit consists in minimizing the quantity
where R s (τ i ) and D s (τ i ) are the simulated Range and Doppler in an alternative theory of gravity at observation time τ i , R GR (τ i , p l ) and D GR (τ i , p l ) are the Range and Doppler (at observation time τ i ) simulated in General Relativity with the different parameters p l (p l represents the different parameters to be fitted, i.e. the initial conditions and the masses of the planets) and σ 2 Ri/Di are the Range/Doppler variances at time τ i . Would the fit be performed with real data, these variances would correspond to the accuracy of the measurements. In our case, since we work with simulations and not real data, we will assume constant uncertainties σ Ri = σ R and σ Di = σ D corresponding to Range and Doppler accuracies of the considered mission.
The scenario to perform the fit is standard and can be found in [32, 57, 58, 59 ]. The fit is produced by an iterative procedure. At each iteration, the quantity to minimize S is linearized with respect to the parameters p l . Denoting by O either one of the observables R or D and denoting by σ i either σ Ri or σ Di , we can write
The variation of the parameters minimizing this quantity is given by
where B is the matrix of the partial derivatives
O s is the vector containing the simulated observations (O s (τ i )) and O GR (p
l ) is the vector containing the values simulated in General Relativity with the initial conditions p
The analysis of a signal simulated in an alternative theory of gravity O s consists in iterating the least-squares fit (39).
Simulations of the observables and of the partial derivatives in General Relativity
The least-squares fit needed in order to compare signals in different theories involves the computation of the observable in GR (O GR in (39)). This simulation can be done using the software developed in section 3 with GR space-time metric. Nevertheless, since the derivative of the observable is also needed, we develop analytically the equations used for the fit and we compute analytically the partial derivatives of these equations.
The equations of motion in GR are the Einstein-Infeld-Hoffman (EIH) equations obtained from the 1PN metric (in harmonic coordinates) for point masses [44, 42] . The derivatives of these equations of motion with respect to the parameters involved in the fit give the variational equations, which are obtained after lengthy but straightforward calculations.
The equation of proper time is also obtained from the 1PN metric in harmonic coordinates and is given by the IAU 2000 resolutions [60] . The variational equations of the proper time have also been computed analytically.
The integration of the equations of motion, of the equation of proper time and of the variational equations are performed numerically.
Finally, the computation of the light propagation has been done with the same spacetime metric. The resulting formulas can be found in the literature [56, 52] and are also given in Equations (24) and (36a-36c). The partial derivatives of these expressions have also been computed analytically.
These computations provide the quantity O GR and its partial derivatives which are needed for the fit.
What can be fitted ?
In the previous section, we showed that the comparison of signals coming from different theories of gravity requires a least-squares fit of the different parameters involved in the problem. The main parameters are the initial conditions of the bodies (planets and spacecraft) and the Sun GM. One has to be careful when fitting the initial conditions of the bodies because of correlations between the parameters. In some cases, these correlations can become theoretically equal to one. As a consequence, the matrix B T B becomes degenerate and is not invertible which poses difficulties for the solution of the least-squares problem (39) . This problem of rank deficiency is more general and is associated with symmetries [61] . In the case considered in this paper (simulations of Cassini spacecraft, the Earth and the Sun), the Range/Doppler signals are invariant under global translations and rotations. Therefore, we have a rank deficiency of order 9. In practice, we fit the 6 initial conditions of Cassini spacecraft, 3 initial conditions of the Earth and the Sun GM. The 9 others initial conditions (6 for the Sun and 3 for the Earth) are fixed to avoid any degeneracy and correspond to fixing the origin and the orientation of the axes.
Numerical accuracy
A consistency test has been performed in order to check the numerical accuracy of our simulations. The test consists in a simulation of observations in General Relativity with the software presented in section 3 followed by an analysis of these simulations with the least-squares fit in GR after changing the initial conditions. The obtained residuals are only due to numerical errors. Figure 1 represents the residuals obtained for a simulation of a two-way Range/Doppler link from Earth to a spacecraft during 3 years. The initial conditions in the simulation were chosen to be those of Cassini on 1st May 2001. The Range accuracy is of the order of a centimeter while the Doppler accuracy is of the order of 10 −17 (in terms of velocity this corresponds to about a nanometer per second). To have an idea of the relative uncertainty, the Range signal is of the order of 10 9 km and the Doppler signal is of the order of 10 −4 which means that the relative accuracy of the simulation and of the fit is around 10 −13 − 10 −14 . This relative accuracy corresponds to the expected accuracy of the numerical integrator. In our software, two integrators are implemented and can be used: a Rung-Kutta 45 and a Radau integrator. Finally, two independent programs have been built and compared with the same level of accuracy.
Simulations in alternative theories of gravity
In this section, we present results obtained with our software (see also [62, 63] ). The situation considered is the Cassini 3-years cruise from Jupiter to Saturn. We take the planetary initial conditions from ephemerides and the Cassini initial conditions from the SPICE and simulate a Range and a two-way Doppler link between Earth and Cassini spacecraft. We do not use any real data coming from the Cassini mission. Instead, we produce data in alternative theories of gravity and analyze them in GR in order to compare the expected deterministic signature in the (simulated) residuals with the Cassini precision. The simplified situation considered is the following: the Sun, the Earth and the Cassini spacecraft. We will show below that the addition of another planet (Jupiter for example) does not change significantly the results.
The correct analysis in GR is to fit initial conditions (eg. Earth and spacecraft positions/velocities, sun mass, etc. . . ) to the simulated data, then the residuals of the fit (green continuous lines on figures 2, 3 and 7) are the incompressible physically observable signals expected in the residuals of the real data if the theory of gravity in nature is not GR (eg. PEG with δγ = 10 −5 in figure 2 , PEG with χ 1 = 10 figure 3 or with an External Field Effect in figure 7 ). An alternative could be to not fit initial conditions in the GR analysis, but use the same initial conditions as in the simulation. The result then represents the difference in observables when starting from the same initial conditions but using different theories, and can give rise to signatures which are significantly larger than when fitting initial conditions (illustrated by the blue dash-dot curves on figures 2, 3 and 7), as the fit of initial conditions always absorbs some of the signal. We show these curves for illustration of that difference, but stress that drawing conclusions from these curves as to the expected signatures in the residuals of a real GR data analysis is incorrect, as in reality it is always necessary to fit initial conditions (they are unknown a priori).
Moreover, we only focus on two alternative theories of gravity presented in section 2: PEG theory and MOND EFE. In each of the simulations presented below, only one of the PEG and MOND EFE parameters is not vanishing. A more general study considering variations of several parameters is postponed to future work.
Simulations in Post-Einsteinian Gravity (PEG)
We use the metric (1a-1b) with the expansion of the potentials (2a-2b) to determine effects due to PEG on the Cassini signals. As can be seen from the expression of the metric (1a-1b) , only corrections coming from the central body (the Sun) are considered, because these provide the most dominant contribution in the signature of the residuals. Different simulations were performed with different values of the PEG parameters and then analyzed in GR by fitting the initial conditions of the Earth, the initial conditions of Cassini spacecraft and the Sun mass. For example, figure 2 represents the Range and Doppler differences between a simulation in a theory with δγ = γ − 1 = 10 −5 (and all other PEG parameters vanishing) and in GR. The three peaks occur during solar conjunctions. The blue (dash-dot) curves are the direct differences of signals generated in PEG theory with signals generated in GR. On the other hand, the green (continuous) lines represent the residuals obtained from simulated data in the alternative theory after the fit of the initial conditions. These signals are the ones expected to be detected in the residuals of the analysis of the real data if the theory of gravity is PEG theory (with δγ = 10 −5 ) and if the analysis is performed with traditional GR theory.
On figure 2, we can see that the signal due to the conjunction is not absorbed at all by the fit of the initial conditions which nevertheless absorbs modulations between the conjunctions. Another example is given in figure 3 where the influence of a linear term in the spatial part of the metric is shown. As can be seen, in this case, the fit of the initial conditions absorbs a big part of the signal (the signal is absorbed by a factor 100).
In order to illustrate that the simplified situation considered here is sufficient to obtain correct residual templates, we performed simulations by adding Jupiter. figure 4 represents the difference between the residuals obtained by taking into account Jupiter and without the giant planet in the PEG simulation and in the GR analysis. Comparing the order of magnitude of figure 3 and figure 4 , we can see that the addition of Jupiter does not change the residuals by more than roughly 5 %. Figure 5 represents the residuals obtained for each PEG parameter considered. These are the signatures that need to be searched for systematically in the residuals of the GR analysis of real satellite data. Figure 6 summarizes all the simulations done. These figures represent the maximal difference between the Doppler generated in different PEG theories and the Doppler generated in GR. The different PEG theories are characterized by the values of their six parameters α 1 , α 2 , Λ, χ 1 , χ 2 , δγ. The blue (dash-dot) lines represent the maximal differences between simulations in PEG theory and simulations in GR with the same initial conditions. The green (continuous) lines represent the maximal residuals obtained after analyzing the signal generated in PEG theory in GR (i.e. after the fit of the initial conditions). More precisely, the green lines represent the maximal Doppler signal that we expect to see in the Cassini residuals if the theory of gravity is PEG theory with the considered parameters. Assuming a Cassini Doppler precision of roughly 10 −14 (represented by the red (dashed) curves on figure 6), we derive the order of magnitude of the uncertainties one would obtain on the parameters of the theory when carrying out a search on the residuals from a complete GR analysis of real data. These uncertainties are given in table 1. Were one of these six PEG parameters larger than the value indicated in the table, a signal larger than Cassini precision would appear in the Doppler residuals (under the assumption that the signal is not completely absorbed by a fit of additional parameters of effects that are not considered here (eg. thermal radiation, solar pressure,. . . ). . Clearly, a complete realistic data analysis would be necessary if an anomalous signal showed up with the right signature in the data. Then, a refined treatment taking into account the temporal signature of the signals and the spectral signature would be necessary. The boundary obtained on γ is of the same order of magnitude as the one obtained by Bertotti et al [3] with the analysis of the real data (γ − 1 = (2.1 ± 2.3) × 10 −5 ). The other values are completely new. It is also interesting to note that the boundary value on Λ is of the order of 10 kpc which corresponds to the galactic distance. Table 1 . Estimate of the uncertainties on the six PEG parameters considered in this paper obtainable in a complete analysis with real data. These values are obtained by requesting the maximal residuals generated by the alternative theory to be smaller than the assumed Cassini Doppler precision. In the computation of these values, we vary only one parameter at a time independently of the others (set to zero).
Simulations with MOND external field effect
To analyze the influence of the MOND EFE, we use the metric (1a-1b) with the modifications of the potentials given by (5a). Figure 7 represents the Range and Doppler difference between a simulation including MOND EFE (with the maximum value of the quadrupole allowed Q 2 = 4.1 × 10 −26 s −2 ) and a pure GR simulation. The residuals are too small to be detected with the considered arc of the Cassini mission. For this reason, the Cassini radioscience experiment (when the cruise was between Jupiter and Saturn) is not sensitive enough to the MOND EFE. However, it may well be visible with a longer arc of data, or when combining arcs from several spacecraft and possibly planetary observations. This will be the subject of future work. Finally, let us recall that the MOND EFE is very well constrained by the planetary ephemerides as indicated in section 2.
Conclusion
It is still an important challenge to test GR in the Solar System. Here, we focussed on the possibility to test GR with radioscience measurements. As emphasized in the introduction, it is essential to test GR in regimes not yet explored. This means looking either for deviations smaller than the current constraints (for example on the Post Newtonian Parameters) or for deviations in a more general framework than the ones used until today (mainly the PPN and the fifth force frameworks).
The work presented in this paper part of a project whose goal is to scan data from solar system observations for eventual violations of GR. Once completed, the full procedure will consist of four steps: simulations of observables in an alternative theory of gravity considering a simplified situation where only elements producing significant deviations from GR are simulated; analysis of these simulated observables using the usual procedure in GR to obtain the incompressible residuals due to the theory considered [32] ; analysis of the real data using standard procedure in GR (including all known systematic effects); systematical search of the residuals of step (iii) using the template obtained in step (ii). In this paper, we have focussed on the two first steps. In particular, concerning the first step, we have presented a software aiming at simulating Range/Doppler observables directly from the space-time metric. This tool makes it easy to change the theory of gravity (the only thing to change is the metric). The method used to simulate Range and Doppler from the metric has been presented into detail. Moreover, concerning the second step of the procedure, we have used a software doing a simplified version of the traditional analysis in GR by means of a least-square fit of the different initial conditions involved in the problem.
While being very general, this approach has some limitations which are nevertheless justified since we are considering only the leading terms in the deviation from GR. Therefore, the gravitating bodies (Sun and Earth) are approximated as point masses. Note that if necessary, multipolar expansions could be taken into account. Nevertheless, the impact due to a modification of the gravitation theory on the multipolar expansion should be negligible (the effect of an alternative theory on the monopole term is already expected to be small). Considering point masses also means we suppose the observer to be located at the center of the Earth. The second simplification done is to neglect effects coming from a hypothetical violation of the Strong Equivalence Principle (SEP).
A violation of the SEP implies a Nordtvedt term (parameterized by the Nordtvedt parameter η) in the equations of motion [64, 65] which can be added in the software if necessary. Finally, an implicit assumption done using the least-squares fit is that the error distribution of the measurements to be Gaussian.
Our results correspond to simulations in two alternative theories of gravity: PostEinsteinian Gravity and the External Field Effect due to a MOND theory of gravity. The simulations have been performed for the Cassini spacecraft during its cruise between Jupiter and Saturn. The Range and Doppler residuals due to these theories have been presented in figure 5 . These residuals furnished templates for signatures that can be searched for in real data analysis. The parameters uncertainties reachable in a complete analysis with real data have been estimated and are given in table 1.
The External Field Effect due to a MOND theory of gravity on the considered arc of the Cassini mission is just too small to be observed. This arc can not give a significant constraint on the MOND theory, astrometric data based on perihelia precessions giving better constraints [4] .
Let us summarize the innovative points of this work. The approach followed by deriving radioscience signals from the space-time metric is very general and makes it possible to obtain observables in alternative theories of gravity independently from the coordinate systems used and independently from any exterior data treated in GR (for example without any reference to ephemerides computed in GR). The fit of the initial conditions which is quite often forgotten in the analysis of anomalies can reduce the deviations produced in the observables quite significantly depending on the theory considered. A first crude limit on PEG parameters can be derived by using the Cassini spacecraft. Finally, this software can be used to test other alternative theories of gravity.
The method presented here can be generalized to non metric theories provided the equations of motion of massive bodies and the equations of light propagation are known. In general, these equations can be derived from the field equations. Simulations in nearly every alternative theory of gravity (for example Standard Model Extension, TeVeS, . . . ) can thus be made. Another perspective is to extend the software to simulate observations related to angular measurements (VLBI, position of star in the sky, position of planets) which constitutes the other type of measurement done in the Solar System. Such an extension will allow one to simulate all the observations done in the Solar System in any metric theory of gravity and to derive the expected signals in the residuals when analyzing those observables in GR.
Finally, radioscience data from existing and future space missions could be analyzed to derive more precise constraints on alternative theories of gravity.
